In a handwritten manuscript published with his lost notebook, Ramanujan stated without proofs forty identities for the Rogers-Ramanujan functions. With one exception all of Ramanujan's identities were proved. In this paper, we provide a proof for the remaining identity together with new elementary proofs for two identities of Ramanujan which were previously proved using the theory of modular forms. Ramanujan stated that each of his formula was the simplest of a large class. Our proofs are constructive and permit us to obtain several analogous identities which could have been stated by Ramanujan and may very well belong to his large class of identities.
Introduction
The Rogers-Ramanujan functions are defined for |q| < 1 by These functions satisfy the famous Rogers-Ramanujan identities [7, 5] , [6, pp. 214-215] G(q) = In a handwritten manuscript published with his lost notebook, Ramanujan stated without proofs forty identities for the Rogers-Ramanujan functions. The simplest yet the most elegant is the following identity which was proved by L.J. Rogers [8] H(q)G q D. Bressoud proved (1.4) in his thesis [4] and we will not provide another proof here. A.J.F. Biagioli claimed in [3] that he was going to prove (1.5), but a proof of (1.5) does not appear in his paper. With the exception of (1.5), Ramanujan's forty identities were proved by Rogers [8] , G.N. Watson, [9] , D. Bressoud [4] , and A.J.F. Biagioli [3] . The methods of Rogers, Watson and Bressoud were elementary while Biagioli used the theory of modular forms. In [2] , we extensively studied Ramanujan's forty identities and provided various elementary proofs except for five identities in the spirit of Ramanujan. Author in a recent work [10] , gave a generalization of an identity of Rogers. Our generalization is actually based upon Bressoud's work who generalized and used Rogers identity to prove some of Ramanujan's identities. In [10] , we also developed similar identities and provided new identities for the Rogers-Ramanujan functions and gave new elementary proofs for two of Ramanujan's identities. In this paper, we give elementary proofs for the remaining three identities above by employing some of the results obtained in [10] . We employ Ramanujan's modular equations of degree 23 and 47 and several identities of Ramanujan from his list of forty identities.
G(q)
:
The rest of the paper is organized as follows. The preliminary results are given in Section 2. In the following sections, we give proofs of Entries 1.1-1.3 along the way we obtain various similar identities for the functions involved.
Definitions and preliminary results
We first recall Ramanujan's definition for a general theta function and some of its important special cases. Set
For convenience, we also define
The function f (a, b) satisfies the well-known Jacobi triple product identity [1, p. 35, Entry 19] 
The three most important special cases of (2.1) are 
A useful consequence of (2.8) in conjunction with the Jacobi triple product identity (2.3) is
The function f (a, b) also satisfies a useful addition formula. For each nonnegative integer n, let 
(2.13)
(2.14) 
G(q)H(
(2.16)
In the remainder of this section we collect several results from [10] . (2.27) where (2.29) where y = ±1 with y ≡ m 1 (mod 3), l 3 = l − 1/3 + ym 1 /3, and t 3 (2.30 )
Proof of Entry 1.1
. The proof of (1.5) will follow from a series of identities given below. The last identity, (3.8), is clearly equivalent to (1.5). We have
We start by proving (3.1). By (2.30) with the set of parameters z By Lemma 2.5, we also find that
By several applications of (2.3) together with (2.8), we find that
(3.11)
Employing Lemma 2.5 again together with (3.11) with q replaced by Q 2 and by (2.8), we conclude that
(3.12)
Therefore, by (3.9)-(3.12), after replacing q 2 by q, and by (2.4)-(2.6), we arrive at
, (3.13) which, by (1.4), is equivalent to (3.1). Next, we prove (3.2). Recall that
, and 1 as the "variables," we conclude from this triple of equations that
(3.14)
Expanding this determinant (3.14) by the last column, using Entries 2.3 and 2.1, we deduce that
We should remark that by (1.4), the identity (3.15), is equivalent to
Therefore, by (3.15) and by two applications of (3.13) with q replaced by −q in the first application, we find that 2q
, which, by (1.4), is equivalent to (3.2). We should remark that the proof of (3.2) similar to the proof of (3.1) can be given. 3) with q replaced by q 2 , and by two applications of (3.23) with q replaced by q and Q , respectively, and by (3.2), we find that
By two applications of (1.4), we observe that
Now, we use (3.25) in the leftmost side of (3.24) and complete the proof of (3.4). Next, we prove (3.5). By (3.3) and by (3.1) with q replaced by q 2 , we find that
From (3.26), by using (1.4), we obtain
, from which (3.5) readily follows. Next, we prove (3.6). By adding (3.2) and (3.4), we find that
(3.27)
In (3.27), we replace q by −q and multiply the resulting identity with (3.27), we obtain that
(3.28)
Now in (3.28) by replacing q 2 by q and employing (1.4) several times, we arrive at (3.6).
Now we prove (3.7). In (3.6), we replace q by −q and multiply the resulting identity with (3.6), we find that
(3.29)
By (3.5), and by (3.6) with q replaced by q 2 , we also find that
S(q)S(−q)S −q
2 S q
(3.30)
Starting with the relations
and by arguing as in (3.14)-(3.16), we similarly find that
Next, we multiply (3.16) and (3.31) together, we find that 
. (3.33) In (3.32), we use (3.33) and the value of T (q) (and T (−q)) given by (3.6), we arrive at
Therefore (3.34) can be written as
(3.36)
Now we multiply both sides of (3.36) by S(q 2 ) and substitute the value of S(q
(3.37)
Now in (3.37), we substitute the value of S(q)S(−q) from (3.5) to find that
Next, we return to (3.30) and use (3.38), we find that
(3.39)
From (3.39), we conclude that
(3.40)
Returning and using this in (3.30), we arrive at
T (q 2 ) , (3.41) which is (3.7) with q replaced by q 2 .
Lastly, we prove (3.8). By (3.1), by (3.1) with q replaced by −q, and by (3.4), we find that
(3.42)
From (3.42), we have that
(3.43)
We multiply both sides of (3.43) by χ (−q 2 )χ (−Q 2 ) and after several applications of (1.4), we arrive at
Next, we employ (3.5), (3.40), (3.6) and (3.7) both with q replaced by q 2 , we find that
which is (3.8) with q replaced by q 2 . 
Next, we employ Lemma 2.6 to find that R2(1, −9, 0, 4, 69, 1, 1, 10) 
By several applications of (2.3), we can verify that
f (−q 20 ) . (4.26) which is clearly equivalent to (4.14). Now in (4.14), we replace q by −q and multiply the resulting identity with (4.13), we conclude that
Therefore, by (4.27) and by (1.6), it remains to prove that .
